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Abstract-In the present paper, the shear band localization is studied for the case of large elastic­
plastic deformation. In the first part, Rice's formula for the plastic hardening modulus is unfolded
to cover five constitutive relations. The first four are based on the general nonassociative flow rule
and on different objective stress rates, and the last one is the simple J2 corner theory with the von
Mises yield function. Moreover. some useful expressions for the acoustic tensor of these models are
presented. In the second part. the explicit expressions for the shear band orientation and the plastic
hardening modulus are given for the Jaumann rate formulation of the Cauchy stress tensor. These
expressions are valid for a deviatoric associative flow rule. and it assumed that the stress tensor and
the unit outward to the plastic and yield surface are coaxial. In addition. it has been proved that in
the case of the Jaumann-eauchy formulation the vector normal to the critical plane oflocalization
is perpendicular to the direction of the second component of the unit deviatoric stress tensor.

I. INTRODUCTION

In recent years there has been active research work in the field of shear band localization.
The basic principles were discussed by Hadamard (1903), Thomas (1961), Hill (1962), and
Mandel (1966), in connection with the theory of bifurcation and localization corresponding
to stationary acceleration waves. Later, Rice (1976) has presented a comprehensive dis­
cussion of these studies and given an explicit expression for the plastic hardening modulus
in the small deformation range, Based on Rice's work, the general formulation of local­
ization of deformation into shear bands in the small deformation range can be considered
well established, and it was applied to predict the orientation of shear bands within various
types of material models (see e.g. Bardet, 1990; Bigoni and Hueckel, 1990, 1991; Ottosen
and Runesson, 1991a; Runesson et al., 1991).

A standard method ofcalculating the critical shear band orientation and critical plastic
hardening modulus is based on the vanishing of the determinant of the acoustic tensor,
which is derived from the incremental constitutive stiffness tensor. This condition yields a
set of plastic hardening moduli from which the critical value is obtained in a maximization
procedure.

However, in several cases, for example when the critical hardening modulus is the same
order as or smaller than the initial stress level, as was pointed out by Bazant (1988), Duszek
and Perzyna (1991), the small deformation formulation is not satisfactory. Moreover,
according to the literature (see e.g. Zbib and Aifantis, 1988b; Zbib, 1989, 1991, 1993;
Tvergaard and Van der Giessen, 1991), the noncoaxiality between the stress and plastic
stretching tensors has significance implications to the localization problem. Thus, when the
noncoaxiality appears due to the corotational stress rates (e.g. Dafalias, 1983, 1985a, b;
Dafa1ias and Aifantis, 1990; Loret, 1983; Van der Giessen, 1991; Zbib and Aifantis, 1988a;
Zbib, 1991, 1993; Paulun and Pecherski, 1987), it is also necessary to consider large
deformation. In addition, from a theoretical point of view, it is important to examine the
shear band localization for large deformations. This was first analyzed by Rudnicki and
Rice (1975), Hill and Hutchinson (1975), Young (1976) and Asaro and Rice (1977), and
later in several studies discussed by Hutchinson and Tvergaard (1981), Mear and Hut­
chinson (1985), Needleman and Rice (1978), Needleman (1979), Rice and Rudnicki (1980),
Tvergaard and Van der Giessen (1991) and Yatomi et al. (1989). In most ofthese studies, the
presented shear band formulation neglected the higher order terms of the stress component
divided by an elastic modulus or examined only simple loading cases with specially chosen
coordinate systems.
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The few cases where higher order stress components were considered were restricted
in either the material model or in the loading cases discussed [see Zbib and Aifantis (l988b)
(rigid-plastic material model), Hill and Hutchinson (1975), Young (1976) and Needleman
(1979) (plane strain tension and compression of incompressible material) and recently
Bardet (1991) (plane strain compression of compressible material), Zbib (1991, 1993),
Bigoni and Hueckel (1993)]. To obtain a clear picture, the need arises to investigate the
Rice's formulation for the plastic hardening modulus to the case of large elastic-plastic
deformations.

The aim of this paper is to present some explicit expressions for the plastic hardening
modulus for five commonly used elastoplastic models for large deformations. These models
contain three objective stress rates (the Jaumann rate of the Cauchy and the Kirchhoff
stress tensor, the Lie derivative of the Kirchhoff stress tensor and the corotational rate of
the Kirchhoff stress tensor including the plastic spin), which have recently been used in the
finite strain plasticity. The first four models are based on the general nonassociative flow
rule, whose related incremental modulus tensor, operating on the rate ofdeformation tensor
gives the stress rate in the model. In addition, the J 2 corner theory with the simple associative
von Mises yield function, is discussed.

In the first part of the paper their constitutive relations are summarized. In the second
part the acoustic tensor for these models are presented and from their determinants the
plastic hardening moduli are evaluated. In addition, some useful formulations are given to
the analysis of acceleration waves.

In the last part, the Jaumann rate formulation for the Cauchy stress is to be examined
in the context of shear band localization. In this analysis it is assumed that the unit outward
normals to the plastic potential and yield surface are coaxial. In this case the explicit
expressions for the plastic hardening modulus and the shear band orientation are presented
for a deviatoric associative flow rule.

In reference to notation, tensors will be denoted by bold-face characters, the order of
which is indicated in the text. The tensor product is denoted by ®, and the following
symbolic operations apply g' n = gin"~ (A' n); = Aijnj , (A' B)ij = AjkBkj , A:B = AijBij and
(C:A)jj = C'jklAkl with the summation convention over repeated indices. The superposed
dot denotes the material time derivative or rate, and superscripts T and - I denote transpose
and inverse, and the prefix tr indicates the trace.

2. CONSTITUTIVE RELATIONS

The Jaumann rate formulations for the Cauchy and the Kirchhoff stress tensors
Consider a rate-independent, isotropic, homogeneous elasto-plastic material with a

nonassociated flow rule and smooth plastic potential and yield surfaces. The widely used
form of the constitutive relations in the finite deformation range is expressed in terms of a
relation between the Jaumann rate of the Cauchy stress J and the rate of deformation D
(see Rice, 1976; Rice and Rudnicki, 1980; Bardet, 1990). This is given by:

(1)

where C ep is the tensor of incremental elasto-plastic moduli. Itmay be written in the form:

ce:P®Q:C"
C ep - ce

- - H+Q:C":P'
(2)

where H is the plastic hardening modulus, and P and Q are the unit outward normals to
the plastic potential and yield surfaces, respectively. Here C e is the fourth-order isotropic
elasticity tensor is defined as:
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ce = 2GI+A15 ® 15,
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(3)

where G and A are the Lame's constants and I and 15 are fourth-order and second-order
unit tensors, respectively.

It is important to note that the elastic part of elastic-plastic constitutive tensor (2)
relates a simple hypoelastic model which is not realistic in finite strain elasticity as pointed
out by Simo and Pister (1984) and it is not accepted in many modern elastoplasticity
formulations (see Simo, 1985, 1988). However, in order to compare the presented results
with some others (e.g. Hill and Hutchinson, 1975; Rudnicki and Rice, 1975; Hutchinson
and Tvergaard, 1981), a linear, isotropic elastic model [eqn (3)] is used in the present paper.

Choosing the Jaumann rate of the Kirchhoff stress tensor ¥(see e.g. Asaro and Rice,
1977; Peirce, 1983; Prevost, 1984; Duszek and Perzyna, 1991; Tvergaard et al., 1981), an
alternative form of the constitutive equation (1) is given by

(4)

Corotational rate formulation including the plastic spin
There are several different suggestions for the corotational rate other than the Jaumann

rate. One group of them uses the kinematic hardening model and the plastic spin concept.
In this case the corotational stress rate for the Kirchhoff stress tensor is given by the
expression:

(5)

In the above equation the spin tensor CJ) is defined by :

(6)

where W is the vorticity and WP is the plastic spin tensor. For the plastic spin various
models have been proposed (e.g. Dafalias, 1983, 1985a, b; Loret, 1983; Zbib and Aifantis,
1988a; Voyiadjis and Kattan, 1989; Dafalias and Aifantis, 1990), which are outlined by
Van der Giessen (1989), Voyiadjis and Kattan (1991), and Tvergaard and Van der Giessen
(1991). One suggestion for the plastic spin within the framework of Mandel's theory is
expressed as :

(7)

where at is the back stress and DP is the plastic part of the rate of deformation tensor.
Various plastic spin models can be obtained by assuming different expressions for the

coefficient p (see e.g. Paulun and Pecherski, 1987; Zbib and Aifantis, 1988a; Dafalias and
Aifantis, 1990; Van der Giessen et al., 1992). In the simplest case, when p = 0, the
corotational rate becomes identical to the Jaumann rate.

Using the corotational rate (7) we obtain the following constitutive relation:

o
or = CeP:D. (8)

The Lie derivative formulation for the Kirchhoff stress tensor
In the large strain plasticity formulations or in the constitutive modelling of elasto­

plastic materials in the large strain range, the convected (or Lie) derivations are frequently
used. The Lie derivative of the contravariant Kirchhoff stress tensor (the so-called Oldroyd
derivative) is given by:
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Lvt' = i'-LoT-ToLT
, (9)

where L is the velocity gradient. Using this stress rate, the constitutive equation becomes,
on the basis ofSzab6 (1988,1992),

where

LvT = EeP:D,

Eep = Ce_ (C':P) <8> (Q:C e+Q ° T+T ° Q).
H+Q:Ce:p

(10)

(11)

More recently, this type of constitutive relation has been discussed by Needleman and Ortiz
(1991), Duszek and Perzyna (1991) and SzabO and Balla (1989).

The Jaumann rate formulation for the J z corner theory
The J z phenomenological corner theory was proposed by Christoffersen and

Hutchinson (1979) on the basis of the J z deformation (or Hencky-Nadai) theory. The
constitutive relation of this theory can be expressed as:

where the constitutive tensor can be written in the following form:

2Gh 1 ( 2Gh 1 ) ( 1 1)
Me

p
= 1+h\ 1+ K- 3(1 +h

1
) ~ <8> ~-2G 1+h - 1+h

l
P <8> p,

(12)

(13)

where K is the bulk modulus, and using the deviatoric Kirchhoff stress T' the second-order
tensor p is defined by T'/(T':T') liZ as the unit normal of the Von Mises yield surface.

In the above expression for Mep
, the scalar parameters hand hi are taken as

where HI and H s are, respectively, the tangent and the secant moduli of the uniaxial stress­
plastic strain curve, and the definitions of the angle ¢ and the g(¢) and l(¢) transition
functions can be found in the papers of Christoffersen and Hutchinson (1979) or Tvergaard
et al. (1981).

It is important to note that if the angle ¢ is dependent on D, in eqn (14), the shear
band analysis is more difficult and the method of the localization, using this paper, cannot
be applied. In the case when ¢ is independent on D, eqn (12) is an approximation of the
constitutive equation proposed by Christoffersen and Hutchinson (1979).

3. SHEAR BAND FORMULATIONS

The general framework for the shear band localization analysis has been given by
Rudnicki and Rice (1975), Hill and Hutchinson (1975) and Rice (1976) and was discussed,
for example, by Rice and Rudnicki (1980), Hutchinson and Tvergaard (1981), Zbib and
Aifantis (1988b) and Bigoni and Hueckel (1991). Here we will briefly summarize some
necessary formulas. The outline given below follows Rice and Rudnicki (1980).

The velocity gradient inside the shear band is defined by

(15)

where LO is the velocity gradient outside the shear band and g ® n is the jump of the velocity
gradient which is a function only of distance across a planar band and vanishes outside the
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band. Here 0 is the unit vector normal to the shear band and g is some vector which depends
only on the distance across the band and which is zero outside of it.

Furthermore, there is the requirement of continuing equilibrium. It reads as

(16)

where s and SO are the nominal stress rates within the band and outside of it, respectively.
When the reference state coincides with the current state, then the Cauchy stress, as
remarked by Rudnicki and Rice (1975), has the same form as

(17)

Using the relationship between the nominal and the Kirchhoff stress rates s= i - L 0 't", the
equilibrium eqn (16) for the Kirchhoff stress rate can be rewritten (Duszek and Perzyna,
1991)

(18)

We note that in choosing the reference state the Cauchy and the Kirchhoff stress tensors
are identical, but their rates are different.

For the case of a continuous bifurcation, in which the constitutive response remains
continuous at the inception of localization, by substitution of the constitutive relation into
eqn (17) [or (18), respectively] and use of the expression in eqn (15), one obtains:

Bog = o.

The necessary condition for the localization is that a solution other than g == 0 exists:

det(B) = o.

(19)

(20)

Here the second-order tensor B (the so-called acoustic tensor) for the different constitutive
relations can be given in the following general form :

B=Be+yx <8>y,

where

y = -(H+P:C':Q)-l,

and the elastic acoustic tensor Be is given by

Be =o°Ceoo+A.

(21)

(22)

(23)

The second order tensor A in eqn (23) represents the stress rate effect, and the vectors x
and yare dependent on 0 for the different constitutive models given below.

Remark 1
In the analysis of the acceleration waves an important area is associated with exam­

ination of the speeds ofpropagation. In practice, it means to give a solution ofthe eigenvalue
problem for the acoustic tensor. Because the wave speeds are related to the formation of
shear band, we derive some useful relation. The characteristic equation for the eigenvalues
of B can be given by:

(24)

where IB and lIB are the first and second scalar invariants of the tensor B. In order to
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calculate these quantities we need some simple relationships. The second scalar invariant
of the sum of two second-order tensor can be expressed as:

(25)

The calculation of determinant B, using the Cayley-Hamilton equation, gives the well­
known expression:

(26)

For determinant of the sum of two second-order tensors, using eqn (26), we obtain:

Then, with the use of eqns (25) and (27) we can derive the scalar invariants of B :

(28)

For the characteristic eqn (24) to have three real roots, its discriminant D must be negative,
I.e.

Following Loret and Harireche (1991), using the decomposition (28) of each scalar
invariant, this condition can be expressed as a fourth degree polynomial with respect to H:

(30)

where the parameters d; (i = 0-4) are given in Appendix A. 0
From the condition of localization (20), by combining eqns (28h and (22), we may

now formulate the expression for the plastic hardening modulus:

(X' y)IIBe - (y' Be. x)IBe +y' (Be)2 •X
H = _p:ce:Q+ detBe . (31)

This equation shows that when the elastic acoustic tensor is singular the plastic hardening
modulus cannot be expressed as pointed out by Rice (1976).

The Jaumann rate formulation for the Cauchy stress tensor
For the constitutive relation (1) the tensor B is defined (see e.g. Rice, 1976; Rice and

Rudnicki, 1980; Bardet, 1991) by:

a®b
B = n'Ce'n+A- H+P:Ce:Q'

where

A = -H(n'O"n),s+O"n®n-n@n'O'-O'],

and using eqns (2) and (3), the vectors a and b are defined as:

(32)

(33)
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a = n'(Ce:P) = 2Gn·P+A.ntrP }

b=(Q:Ce)·n=2GQ·n+A.ntrQ·
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(34)

Insertion of the elasticity tensor (3) into eqn (32), after some manipulations we obtain:

a<8>b
B = (G+1n·O'·n)15+(G+A.)n<8> n- H+P:C':Q -10'+1(0"n <8> n-n <8> n·O'). (35)

Defining a stress tensor 11 = 10', then, from condition (20), using eqn (31), the plastic
hardening modulus is determined as:

H = -2GP:Q-A. trPtrQ

+k 1{(a' b)[(2G+A.)(G+2n·11 'n-IO') - (n' 11' n)IO'+IIO'+n '112 'n]

- (a' n)(b' n)[(G+A.)(G+n·l1· n- 10') +n' 112
• n]

- (a' n)(b' 11' n)(2G+A.- 10') + (b' n)(a' 11' n)(2n' 11' n-A.- 10')

+ (a'l1' b)(2G+A.+n·11· n-IO')

+ (b' n)(a' 112
• n) - (a' n)(b' 11 2

• n) - (a' 11' n)(b' 11' n)

+a'11 2 'b}, (36)

where

:1 = (2G+A.)[(G+n·11·n-IO')(G+2n·11·n)+IIO' +n·112·n]. (37)

Here 10' and 110' are the first and second scalar invariants of the stress tensor 11, respectively.
In fact, if one substitutes 11 = 0 into eqn (36) the well-known formulation for the plastic
hardening modulus in the small deformation case results (see e.g. Rice, 1976; Bardet, 1990;
Bigoni and Hueckel, 1991; Prevost, 1984).

Remark 2
The determinant of the elastic acoustic tensor is defined by eqn (37). From this equation

it is seen that one eigenvalue defined by 2G+A. with the eigenvector n, corresponds to the
longitudinal wave speed. The remaining eigenvalues are given by:

Because Be is nonsymmetric, the eigenvectors become nonorthogonal. It is easy to prove
that a complex conjugate root never occurs from the above expression. D

Proposition 1
The eigenvalues of the elastic acoustic tensor in the case of the Jaumann-eauchy

formulation are always real. In other words, for the discriminant in eqn (38),

(39)

always holds.

Proof
Define the deviatoric normal and shear stress in the following form :

(40)

where S = s/(s:s) 1/2 is the unit deviatoric stress. Here s is the deviatoric Cauchy stress. Using
these quantities we may now reformulate the discriminant (39) as:

SAS 31:9-H
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D = 2J2(!-i,;-~u,;) ~ 0, (41)

where J 2 is the second invariant of the deviatoric stress tensor. For D = 0, this function
represents an ellipse in the (un, in) plane, namely:

(42)

The stress points, which are satisfied by the condition (41), are located inside or on this
ellipse. We shall now prove that the ellipse (42) is the enveloping curve of all the largest
Mohr circles.

The largest Mohr circle on the (un, in) plane is given by:

(43)

or in an alternative form

(44)

where 81 > 82 > 83 are the principal values of tensor S, which satisfy:

(45)

By differentiating eqn (44) with respect to 82, we obtain 82 = - un/2, which substitutes
into eqn (44), the result is identical with eqn (42). 0

The Jaumann rate formulation for the Kirchhoff stress tensor
In the case of the constitutive equation (4) the tensor B is found (see Asaro and Rice,

1977 ; Peirce, 1983; Duszek and Perzyna, 1991) to be :

a®b
B = o'C"o+A- H+P:C':Q'

where

A = ![(o·-r·o)~--r·o®o-o®o·-r--r].

Similarly to the previous case, a substitution of tensors (3) into eqn (46) then gives:

(46)

(47)

a®b
B = (G+!o·-r·o)~+(G+..1.)o®o- H+P:C':Q -!-r-!(-r·o®o+o®o·-r). (48)

Defining also a stress tensor -t = !-r and using eqns (31) and (48) the expression for His
given by:

H = -2GP:Q-..1.trPtrQ

+k2 {(a' b)[(2G+ ..1.)(G+o· -t. 0- If)

+ (0' -t' 0)(..1.+ If) + IIf - 30' -t 2•0]

- (8' o)(b' o)[(G+..1.)(G+o· -t. 0- If) -0' -t2
• 0]

- [(a' o)(b' -t. 0) + (b' o)(a' -t. 0)](..1.+ If)

+ (a' -t' b)(2G+..1.-0· -t. 0- If)

+ (b' o)(a' -t2 • 0) + (a' o)(b' -t 2 • 0) + 3(a' -t. o)(b' -t. 0)

+a·-t2 'b}, (49)
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~2 = G(2G+A.)(G+20 oi oo-If )

+2(0 °i oo)(G+A.)(o 0i 0o-If ) + GA.o °i 00

+ (A.-2G+3If -20 0i 00)(0 oi 2 00)

+ (2G+A.-o 0i 0o)IIf - 30 0i 3
• o-det(i).
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(50)

Remark 3
Note that the difference in the tensor B between the Jaumann rate formulation for the

Cauchy (35) and the Kirchhoff stress tensors (48) appears only in the last two terms. In
eqn (35) these terms contain the antisymmetric part of (J 00 ® 0, in eqn (48) the symmetric
part of't' 00 ® o. 0

Corotational rate formulation for the Kirchhoff stress tensor including the plastic spin
Because the corotational stress rate (5) contains the plastic strain rate, the expression

for the jump of this quantity is needed. According to work of Rice and Rudnicki (1980)
the following expression for i\DP can be obtained

(
bog )

i\DP = P H+P:Ce:Q . (51)

Substituting eqn (8) into (18) and using eqns (5)-(7), (36) and (51) the tensor B
becomes

(a-d) ® b
B = (G+10°'t'°0)t5+(G+A.)0®0- H+P:C':Q -1't'-1('t'oo®0+0®oo't'), (52)

where

(53)

The expression for the plastic hardening modulus H can be written in the same form
as in the previous case, eqn (49), by making the following identification a ~ a-d. In a
similar way, the corotational formulation for the Cauchy stress tensor can be obtained by
using eqn (36).

Remark 4
It may be observed that the vector d (53) vanishes when at and P are coaxial. In

addition, the plastic hardening modulus usually is divided by the elastic shear modulus. In
this case the stress tensors in the eqns (36) and (49) must also be divided by the shear
modulus. However, it is of interest that in the case of the corotational formulation including
the plastic spin in eqn (53), 't' is divided by G but at is not. In this case the tensor at is only
multiplied by the parameter p. Since the magnitude of the parameter p, according to the
literature (for example Dafalias, 1985a; Dafalias and Aifantis 1990; Loret, 1983; Paulun
and Pecherski, 1987; Tvergaard and Van der Giessen, 1991; Van der Giessen et al., 1992)
usually is p» I/G, the effect of the plastic spin in all of the terms in eqo (49) may be
relatively significant. 0

This model has recently been discussed by Zbib and Aifantis (1988b), Zbib (1991,
1993).

The Lie derivative formulation for the Kirchhoff stress tensor
In this case, from the constitutive equation (10) the result (see Duszek and Perzyna,

1991) becomes:
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(54)

a ® (b+c)
B = (G+n"t'°n)t5+(G+A.)n®n- C'

H+P: e:Q

where c is defined by

c = (Q0't'+'t'0Q) on.

(55)

(56)

Using the localization condition (20), the plastic hardening modulus is given by the
expression:

H = -2GP:Q-.l. trPtrQ

+ {a 0(b+c)(2G+.l.+n 0't' oo)-(a 0o)[(b+c) oo](G+.l.)}

x {(G+oo't'00)(2G+.l.+0°'t'00)}-I. (57)

We note that the constitutive tensor defined in (11) is not symmetric even when P = Q.
The unsymmetrical acoustic tensor (55) follows.

Remark 5
For the Lie derivative formulation of the Kirchhoff stress tensor (10) the tensor B is

given in the same form as in the case of small deformations. In this case, the tensor B may
be written in the general form:

B = oct5+fJo®o+yx®y, (58)

where the fJ and y parameters are the same for the small deformation and the large
deformation cases. Moreover, the oc parameter equals G, x = a and y = b for the small
deformation, and IX = G+ n' 't' 00, X = a and y = b + c for the Lie derivative formulation.
Substituting (58) into (28) 3 the determinant of the acoustic tensor becomes

det(B) = 1X[(IX+fJ)(IX+Yx oy)-fJy(xoo)(yo 0)]. (59)

From eqn (59) and the characteristic equation of B it follows that one eigenvalue must be
identical to :

Kl = oc, (60)

as was firstly shown that by Hill (1962) for the large deformation, and by Loret et al. (1990)
and Ottosen and Runesson (199Ib) for the small deformation. The other two eigenvalues
can be expressed as :

K2.3 = !{2oc+fJ+y(x oY)±J[fJ-y(x oyW+ 4fJy(x on)(y·n)}. (61)

According to this remark it would be easy to generalize the results presented by Loret
et al. (1990). 0

The Jaumann rate formulation of the J 2 corner theory
For the J 2 corner theory, the constitutive moduli Mep (13) are inserted into eqn (46)

instead of C ep
, and we obtain:
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B = Co;~1 + ~n'~'n)b+(K+ 3(~:~]»)n@n

_2G(_1_ - _l_)n,p@p'n-'h-'H~'n@n+n@n'~), (62)
l+h l+h l

Introduce two simple parameters as follows:

With them we can define modified Lame's parameters

Using these parameters the tensor B may be rewritten,

B = (G( +~n'~'n)b+(A.( +G])n@n

-2GC ~h -~)n'p@ p'n-~~-~(~'n @n+n @ n'~). (63)

Following the same procedure as previously, the corresponding expression for the plastic
hardening modulus h is given by

(64)

where

k 3 = (n'p2'n)[(2G I+A])(G I+n'T'n-li )

+ (n' T'n)(A] +I.>+IIi -3n' T2, n]

- (n' p' n)2[(G] +A])(G] +n' T' n- Ii) -n' T2, n]

-2(n'p'n)(n'p'~'n)(A( +Ii )

+ (n' P'~'P 'n)(2G( +AI -n 'T'n-li )

+2(n' p 'n)(n' p,~2,n) +3(n'p'~' n)2+ n , p ,~2 'p' n,

k 4 = G(2G] +At)(G] +2n'T'n-li )

+2(n' T' n)(G( +A()(n' T' n- Ii) + G]Aln' T' n

+ (AI -2G] +3Ii -2n'T' n)(n 'T2, n)

+(2G( +A]-n'T'n)IIi -3n'T3 'n-det(T).

It is important to note that, the mathematical form of the expression for h in eqn (64) is
basically different from the H expressions in eqns (36), (49) and (57). In these expressions,
the divisor is the determinant of the elastic part ofB [eqn (23)] for large elastic deformations.
In eqn (64) the divisor contains both the elastic and the elastic-plastic parts of the deter­
minant of tensor B.

Remark 6
Note that in the limit when hi -+ 00, then ~ -+ 0 and' -+ I and the formulation (62) is

reduced to the J 2 flow theory. In this case, because of G 1 and A] being reduced to G and A,
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the expression for the plastic hardening modulus (63) becomes identical to (49), in which
the associated Mises flow rule (P = Q = p and tr P = tr Q = 0) was assumed to be valid.
Moreover, if in the expression (14) g(¢) = I and I(¢) = 0 the equation for the plastic
hardening modulus (64) is reduced to the J 2 deformation theory. In fact, in this case the
plastic hardening modulus is defined by H = 2Ht/3 [or h = Ht/(3G)]. D

Finally, we note that from the constitutive models discussed in this paper the co­
rotational stress rate formulation and the J2 corner theory (or vertex-type plasticity models)
are shown to be significant effects on the shear band localization. This fact implies that a
combination of these models may be interesting in a further analysis, and as it has recently
been discussed by Zbib and Aifantis (1988b), Zbib (1991,1993) and Zhu et al. (1992).

The critical hardening modulus corresponds to the solution of the constrained
maximization problem:

subject to Inl = I. Here H/2G may be substituted by the expressions of eqns (36), (49), (57)
and (63). In the general three-dimensional case the vector n can be assumed as nT = [cos 9
cos e, cos 9 sin e, sin 9], where 9 and eare the spherical angles. Using this form of vector
n, the solution of the maximization problem becomes a high order (in tan 2 9 and tan 2 e)
nonlinear equations system with two equations, which can be solved by a pure algebraic
method.

4. EXAMPLES

In this section, as an illustration, the Jaumann rate formulations for the Cauchy stress
tensor, eqn (36), with a deviatoric associative flow rule is investigated in detail. The
assumption of deviatoric associativity amounts to postulating the unit tensor P and Q in
the following forms (Loret et al., 1990; Loret, 1992):

I . I .
Q = cos as+ j3 sm at5, P = cos f3S + j3 sm f3t5, (65)

where 0 ::::; 13 ::::; a < n/2 and S is the unit deviatoric stress which can be written in terms of
the single scalar IE [0, n/3] called the Lode angle:

(66)

Substituting eqn (65) into (34) and using the deviatoric normal stress an and shear
stress in [eqn (40)] on the plane of localization, the expression for the plastic hardening
modulus eqn (36) can be rewritten in the following form:

where

and

H 2 cos acos f3[(a~+ i~)(ry2a~ +a1an +a2) +a3a~ +a4a~+aSan+a6]
2G = co+ (2+It)[ry2(a~+i~)+2ry2a~+3ryan+1-1ry2]

A ft
Co = - [cos a cos 13 +(I + ~It) sin a sin 13], It = G' ry = .j2d

at = 2ry+ry2(tt +t2)

a2 = 2 + It + 2ry t2+ ry 2tIt2

(67)
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Fig. I. The Mohr circles on the plane of the unit deviatoric normal and shear stress.

a3 = 2,,2 t [_,,(l+Jl)

a4 = 1,,2-(1 +Jl)+2,,2 t [t2+,,(3t l +t2)

as = 1,,(2+ Jl) + 3"t l t2+ t 1(1- -!,,2) + t2(1 + -!,,2) + 2,,2 det S
a6 = t\t2(l--!"2)+2t2,,2detS+(2+Jl),,detS

I I
t[ = j3(l +iJl) tanCi, t2 = j3(I+~Jl)tanp.
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The function H in eqn (67) can be interpreted as a surface over the plane (un, in) and
corresponds to the localization condition for the general three dimensional case. The stress
states in this function are restricted to the dashed area limited by the Mohr circles (Fig. I).
These Mohr circles are given by :

or in a common form

(68)

where i is I, 2 and 3 for the first, the second and the third Mohr circle, respectively. The
ranges of variation of the principal components of S according to eqn (66) are as follows:

I/~ ~ SI ~.j2i3, -I/~ ~ S2 ~ I/~, -.j2i3 ~ S3 ~ -I/~.
The task is to find the critical plastic hardening modulus by means of the maximum

of H above the dashed closed area. The necessary conditions for a stationary value of the
function H in eqn (67) are:

From eqn (69) 1 we obtain:

o(H/2G) = 0
~A ,

urn

o(Hj2G) = 0
oU

n
•

(69)

It is easy to check that for the stress levels which are of practical interest" «I (or
G/.j3i; > I), the four roots in eqn (70), Uni' i = I, 2, 3, 4 are located outside the closed
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interval [S3' S.]. Consequently, the maximum of Hin question must be above the boundary
of the dashed area in Fig. 1, that is above a set restricted to the Mohr circles (68).
Substituting eqn (68) into H eqn (64), via the elimination of in, and going ahead with
algebraic simplifications, we obtain the following three functions (i = I, 2, 3) :

H; 2 cos (J. cos P(A;u; +B;un +C;)
2G = co+ (2+p,)(Du

n
+E;) ,

where

A;= 21'/11-I-fJ-I'/Sj
I A 2 A A

B; = 21'/C2- S; ) - S;(2+ fJ) +21'/1 112 +I'/S;(11 - 12) + 11+ 12

C;= O-Sl)(2+fJ+ 21'/1 2) +1 112(1 +I'/S;)

D = 21'/

E; = I +I'/S;.

In Appendix B, it is proved that:

(71)

(72)

Thus, the stationary value of normal stress (un)m is determined by 8(H2/2G)/(oun) = 0,
which results in :

(73)

The corresponding maximum value of H m is obtained from eqn (71):

(74)

Let n be the unit normal to the surface of the shear band and let edenote the angle in the
X\l X3 plane from the XI-axis to the normal vector n(cos e, sin e) or the angle between the
X raxis and the shear band. In this case, the shear band normal vector lies in one of the
planes formed by two of the principal axes of stress. Then, from eqn (40L :

(75)

Upon the substitution of equation (73) into (75), the solution for the corresponding
orientation of the band is given by:

(76)

It is important to note that H m in eqn (74) is a function of the actual value of the stress
level through J 2• In order to evaluate the critical shear band orientation and the critical
plastic hardening modulus, we need to consider a specific material function ofH( J 2) which
should be equalized to the function H m eqn (74) and solved for J 2• This value can be
substituted into eqn (73) to yield the critical normal stress, and from eqns (74) and (76) we
obtain the corresponding value of the critical hardening modulus and critical shear band
orientation, respectively.
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In addition, for a zero stress substitution" = 0, the presented expressions are reduced
to forms, the result of which is known from the literature for the small deformation case
(see e.g. Runesson et al., 1991; Bardet, 1991; Bigoni and Hueckel, 1991).

Remark 7
It may be of interest to evaluate eqn (77) for the incompressible Mises solids. In this

case f.1--+ 00 and IX = P= t l = t 2 = 0, thus eqn (77) reduces to:

For the case of axially-symmetric
-1/j6), from eqn (77):

1+"J2-38~
J ~21-" 2-38 2

tension (82 = 1/j6)

(77)

or compression (82 =

2G+j3i;
2G-j3i;'

(78)

This is the critical shear band orientation as derived by Hutchinson and Tvergaard (1981).
In case of pure shear (82 = 0), ~sing eqn (77), the shear band orientation is given by:

2G+JY;
2G-JY;'

(79)

Note that, for compressible Mises solids in the case of pure shear, the shear band orientation
has the same form as expressed in eqn (79). D

Finally, it can be concluded that for the Jaumann-Cauchy formulation the vector
normal to the plane of localization is perpendicular to the 8r direction. We note that, in
the case of small deformation (neglecting the co-rotational effect), for the same constitutive
model, it is easy to prove this proposition as was treated by Rudnicki and Rice (1975) and
Benallal (1992).

5. CONCLUSIONS

Some explicit expressions of the plastic hardening modulus have been presented for a
general nonassociative flow rule in the case of large deformations. The models on which
these are based use three well-known objective stress rate formulations. In addition, the J 2

corner theory combined with the Jaumann rate of the Kirchhoff stress tensor has been
discussed. In many practical cases the second- and third-order terms of the stress com­
ponents in these expressions are neglected. However, here this is not so and we can
satisfactorily treat other cases. One example is when the critical hardening modulus is of
the same order as or smaller than the initial stress level, another is when the instability
develops at a very small negative slope of the stress-strain diagram, for a strain-softening
type localization, which occurs very close to the peak stress point (see Bazant, 1988).

Because complete and general expressions for the acoustic tensors are presented it is
possible to use them as a starting point for comparing the models with respect to acceleration
waves and other studies.

In the second part of this paper, the explicit expressions for the shear band orientation
and the plastic hardening modulus are given for the Jaumann-Cauchy formulation, which
depends on the magnitude of the stress only through the simple parameter J 2• These
expressions are valid for a deviatoric associative flow rule, and it assumed that the stress
tensor and the unit outward to the plastic potential and yield surface are coaxial.

Moreover, it has been shown that in the case of the Jaumann-eauchy formulation the
vector normal to the critical plane of localization is perpendicular to the direction of the
second component of the unit deviatoric stress 82 expressed in eqn (66).
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Finally, it may be worth noting that the present formalism can be used as a support
for developing finite element programs that cover the shear band analysis in the large
deformation range. For the two-dimensional cases, the closed form expressions presented
here, eqns (74) and (76) can be used directly in a FEM code validation.
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APPENDIX A

The parameters in eqn (30) :

d. = 4e~ -e~e~ -18e,eze, +4ek, +27d

d,=4cd.-D

dz = c(d.-3D)+5czd.+C

d, = 4c'd.-3czD+2cC-B

do = A-cB+c2C-c'D+c'd.,

where
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c = P:Ce:Q

A = pi(4p,P3 - pD

B = 4p~ -18pIP2P3 +4pi(e3PI +3eIP3) -2p,pie,P2 +e2PI)

C = (e,p2 +e2PI)2 + 12e2P~ -18(e,p2P3 +e2PIP3 +e3PIP2)

+ 12e,PI (e 3PI +eIP3)+27p~ +2e,e2P,p2

D = 12dp2 -2ele2(eIP2 +e2PI) -18(e,e3p2 +e2e3PI +ele2P3)

+4ei(e,P3 + 3e3P,) + 54e3P3·

APPENDIX 8

Proposition 2
Consider a simple form offunction H,f2G in eqn (71) as:

H A

2~ = f(un , S,).

Then

and

always hold.

(81)

(82a)

(82b)

Proof
Substituting the parameters (72) into (81) and calculating the functions H 2 and HI in (82a), after some

algebraic manipulations we obtain:

(83)

Because of '7 > 0, 8I - 82 ~ 0 and Un - 83 ~ 0, thus inequality (83) reduces to :

(84)

It can be easily shown the quadratic function F(un) in eqn (84) is strictly positive vane [83, 8:J. Namely, the
function F(un ) has a minimum and the two roots of this function are smaller than 83•

The inequality (82b) can be proved in a similar way.


